For a large class of quantum states, all local (pointwise) energy conditions widely used in relativity are violated by the renormalized stress-energy tensor of a quantum field. In contrast, certain nonlocal positivity constraints on the quantum stress-energy tensor might hold quite generally, and this possibility has received considerable attention in recent years. In particular, it is now known that the averaged null energy condition-the condition that the null-null component of the stress-energy tensor integrated along a complete null geodesic is nonnegative for all states-holds quite generally in a wide class of spacetimes for a minimally coupled scalar field. Apart from the specific class of spacetimes considered (mainly twodimensional spacetimes and four-dimensional Minkowski space), the most significant restriction on this result is that the null geodesic over which the *
Averaged energy conditions
All general results in relativity require some information about the matter content of spacetime as input. Although in classical physics the issue can be avoided by assuming spacetime to be empty, in quantum theory absolute vacuum is meaningless, and questions about how matter fields contribute to the semiclassical Einstein equations are unavoidable whenever quantum effects are important gravitationally. In classical relativity, information about the matter content of spacetime can often be specified quite succinctly by the form of the stress-energy tensor for a specific matter field. For example, the electromagneticfield contribution,
can be characterized by stating that the stress-energy tensor has the form Eq. (1) for some closed two-form F ab that satisfies the vacuum Maxwell's equation d * F = 0. Similar characterizations exist in principle in quantum field theory. For example, the regularized stress-energy tensor of a minimally-coupled scalar field on Minkowski spacetime can be characterized as any tensor T ab that has the form of the coincidence limit 
in an inertial coordinate system {x a }, where w(x, y) is any smooth, symmetric bi-solution of the wave equation such that the two-point function µ 0 +w-where µ 0 is the symmetric two-point function of the Poincare vacuum state-satisfies the positivity condition (see Sect. 3 below). Already in flat spacetime, a description of the quantum matter content based on Eq. (2) is far more complicated than the corresponding classical description as illustrated by Eq. (1). In arbitrary curved spacetime, the kind of characterization of T ab expressed in Eq. (2), although available in principle, is so heavily cluttered with formalism as to be essentially intractable.
In fact, even in classical physics a complete, detailed specification of the stress-energy as in Eq. (1) is seldom very illuminating unless one's primary interest is to find exact solutions of Einstein's equations. Instead, in modern approaches to relativity only the most fundamental features of T ab , distilled from expressions like Eq. (1) , are relied on to gain general insight into spacetime structure. These fundamental features are that T ab is a conserved, symmetric tensor, and that T ab satisfies certain "energy conditions" at every point in spacetime; the energy conditions express, roughly, the idea that the locally-measured energy density must be positive everywhere for all observers. The energy conditions (or, more precisely, at least the weak energy condition) are universal in the sense that (i) they are obeyed by the classical stress-energy tensors of all matter fields, and (ii) they play a crucial role in deriving most of what we know about the large-scale structure of spacetime. Indeed, it is perfectly plau-sible to regard the energy conditions, along with the conservation property, as a complete characterization of classical matter in general relativity.
In deep contrast with this classical picture, in quantum theory no such compact characterization is yet available for the right hand side of the semiclassical Einstein equations. The symmetry and conservation properties still hold for T ab , of course, but none of the local energy conditions do. Even in flat, Minkowski space, the regularized (normal-ordered) expectation value ω|:T 00 (x):|ω at any point x is unbounded from below as a functional of the quantum state ω. One might think that this is a pathology, as is often the case in quantum field theory, that stems from localizing the operator :T 00 (x): to a single point x in spacetime. It turns out, however, that the volume integral of ω|:T 00 (x):|ω over any fixed, spacelike 3-box of finite size is also unbounded from below as a functional of ω (and a similar result holds for the spacetime-volume integral over a compact 4-box). It appears that by choosing the quantum state ω appropriately one can stuff an unbounded amount of negative energy into any fixed, finite region of spacetime, possibly at the expense of placing more and more positive energy outside the sharply defined boundaries of that region ( [1] ).
In the absence of a workable, complete characterization of regularized stress-energy tensors in quantum field theory, many of the basic questions about global spacetime structure in semiclassical gravity remain unanswered. For example, can spacetime singularities, generically unavoidable with classical matter, be avoided when quantum effects make the dominant contribution to stress-energy? Are classically forbidden configurations of spacetime curvature (such as traversable wormholes, certain kinds of topology change) allowed in semiclassical gravity? Is the total mass of a bounded lump of quantized matter positive as measured from infinity? More generally, is any conserved tensor T ab realizable as the regularized stress-energy tensor of some quantum state? If this were the case, semiclassical gravity would have almost no physical content. If it is not the case, then what are the constraints T ab has to satisfy to be a physical stress-energy tensor? I would like to advocate the discovery of a useful and complete characterization of quantum stress-energy tensors as one of the most important unsolved problems in curved spacetime quantum field theory.
Promising first steps towards the construction of such a characterization have appeared in recent years, beginning with [2] , and with further developments in [3] - [8] . An earlier work, Ref. [9] , discussed somewhat related issues. The results of these early investigations concern various nonlocal constraints on the stress-energy tensor involving its integrals along causal geodesics; the most important of these constraints is the averaged null energy condition (ANEC). In its simplest form, ANEC constrains the stress-energy tensor T ab such that the integral
where γ is a complete null geodesic with affine parameter v and corresponding tangent vector k a . The precise, general formulation of ANEC which does not assume the convergence of the integral in Eq. (3) can be found in Sect. 2 of [4] .
For a number of significant global results in relativity, ANEC (or at least a corresponding condition along half-complete null geodesics) seems to be strong enough to replace the classical pointwise null energy condition; these include the Penrose singularity theorem ( [10] - [12] ), and the positive mass theorem ( [13] ). For a minimally coupled scalar field in two dimensions, it is known that the regularized stress-energy tensor satisfies ANEC with complete generality, along all complete achronal null geodesics in any globally-hyperbolic spacetime, and in every Hadamard quantum state of the field ( [4] ). In four dimensions, this general ANEC result holds in Minkowski spacetime, and, more generally, in any spacetime with a bifurcate Killing horizon it holds along the achronal null generators of the horizon, provided an isometry-invariant (with respect to the Killing field) Hadamard state exists (see [4] for details).
Conditions similar to ANEC but with γ replaced with a complete timelike geodesic hold with some generality for quantum stress-energy tensors in Minkowski space ( [2] , [6] , [7] ). However, this appears to be a special feature of flat-spacetime quantum field theory; it is not difficult to find curved-spacetime counterexamples to the timelike averaged weak energy condition ( [14] ). In fact, relying on a simple scaling argument, we pointed out in [4] that even ANEC, although it holds with complete generality in two dimensions, cannot hold generally in curved four-dimensional spacetimes (see [16] for a further development of this scaling idea). Although this argument and its conclusion are correct, it is by no means clear that they spell the demise of averaged energy conditions in quantum field theory; that many people have been led to believe so appears to be the result of a greatly exaggerated interpretation of the argument. Elsewhere ( [17] ) I argue for a more moderate interpretation, based, essentially, on a generalized version of ANEC in which the right hand side of Eq. (3) is replaced with a more general finite lower bound. I do regard ANEC-type inequalities as a very promising starting point towards the formulation of a complete set of universal constraints that characterize quantum stress-energy tensors. For example, one might think that ANEC is too weak because it only constrains the integrals of T ab along null geodesics; in fact, ANEC appears to be powerful enough to place constraints on other, more general averages of the stress-energy tensor. I will now present a simple analysis that supports this view:
I will consider a stress-energy tensor T ab that satisfies the simple form of ANEC given by Eq. (3); therefore I implicitly assume that T ab falls off appropriately at infinity. A more sophisticated analysis that does away with this assumption (and possibly with some of the other strong assumptions I will make below) can probably be given; I retain these assumptions to keep my analysis transparent. More precisely, I consider a globally hyperbolic spacetime (M, g), and a conserved stress-energy tensor T ab which satisfies ANEC in the form of Eq. (3) along all complete, achronal null geodesics in (M, g). Let Σ ⊂ M be a spacelike Cauchy surface, and S ⊂ Σ be a compact submanifold (with boundary) in Σ. I assume: such that (i) α = 0 on S and α = 1 on H + (S), (ii) α ;a = −κ n a on S, where n a is the future-pointing unit normal to S and κ is a positive constant, and (iii) throughout the interior of D + (S)
for some constant q > 0.
Theorem: Under the assumptions (A1) and (A2), the total energy contained in the region S ⊂ Σ is nonnegative:
where d 3 σ is the volume element on Σ.
The assumption (A1) is quite reasonable within the scope of the present discussion; only the last part of assumption (A2) [i.e., the inequality Eq. (4)] is unpleasantly strong. (See Fig. 1 for a two-dimensional representation of the geometry involved in this analysis). Notice that T ab does not necessarily satisfy the (pointwise) weak energy condition, so the right hand side of Eq. (4) is not necessarily positive, and simply choosing a large q > 0 will not do. Moreover, because of its construction the time function α has to develop gradient singularities at the boundary ∂S and at the caustic set C [but α is smooth throughout the (open) interior of the domain of dependence D + (S)], so Eq. (4) effectively constrains the asymptotic behavior of T ab near C and ∂S (see Fig. 1 ). For a typical example of the geometry involved here consider two-dimensional Minkowski spacetime, with the surface Σ given by {t = −K}, K > 0, and with S ⊂ Σ given by that piece of Σ lying within the wedge {|x| ≤ |t|}. In this example the horizon H + (S) is the past null cone of the origin,
and for |x| ≪ |t| the time function α can be taken as
. This function satisfies the conditions (i) and
(ii) of (A2) [again up to order (x 2 /t 2 )] with κ = 1/K . Then, assuming that T 00 is the dominant component (in absolute value) of T ab ,
Therefore, in the region |x| ≪ |t| throughout the domain of dependence D + (S), the quantity T ab α ;ab has the same sign as T ab α ;a α ;b and is down in magnitude by a factor x 2 /t 2 . With the provision that T ab falls off nicely at the boundary ∂S and near the caustic set (here the origin) C (where the true α becomes singular), and with the constant q chosen in the range 0 < q < 1, this Minkowski-spacetime example suggests the inequality Eq. (4) to be a reasonable assumption. Quite possibly this inequality can be weakened considerably without changing the main argument in the proof of the theorem, which I now proceed to give.
Proof of the theorem: Let me define (see Fig. 1 )
By integrating the identity
where n b denotes the future-pointing unit normal and d 3 σ is the volume form on S u . Putting
and combining Eq. (6) with Eq. (4), I obtain the inequality
Since α ;b is parallel and opposite to the future-pointing unit normal n b , the second term on the right hand side of Eq. (8) can be written as
hence the inequality Eq. (8) takes the form
Now inspect the definition Eq. (7) of the quantity I(u). On the null surface {α = 1} = H + (S) , α ;a (since it is a null gradient) is necessarily an affine tangent vector along the null geodesic generators. Therefore, I(1) is the average over the set of null generators of H + (S) of the ANEC integrals of T ab along those generators. Thus I(1) ≥ 0 by assumption (A1). But it is clear from the inequality Eq. (10) that the conclusion I(1) ≥ 0 is incompatible with the assumption I(0) < 0. Therefore I conclude that I(0) ≥ 0. By assumption (A2)-(i) and (A2)-(ii)
and the assertion of the theorem [Eq. (5)] follows. 2
Difference inequalities
As I mentioned briefly in the previous section, ANEC needs to be generalized since in the strict form given by Eq. (3) it is typically violated in fourdimensional curved spacetimes ( [4] , [16] ). The most natural generalization of ANEC involves replacing the right hand side of Eq. (3) with a broadly specified lower bound; I will discuss this in more detail in [17] . Another, closely related generalization has been discovered by L. Ford and T. Roman in [18] ; it involves what they term "difference inequalities." A difference inequality is an ANEC-type inequality of the form
where ω|T ab |ω denotes the renormalized stress-energy tensor in the quantum state ω, D ab is a state-independent, geometric tensor on spacetime, and the integral is evaluated along a complete null geodesic γ as in Eq. (3). The difference inequality can be given a more precise formulation that does not require the convergence of the integral in Eq. (11) 
converges, Eq. (11) yields a (in general nonzero) lower bound on the ANEC integral:
It is this form of the difference inequality which makes it potentially significant for applications such as singularity theorems (see [17] ).
What Ford and Roman have discovered in [18] is that for a massless Klein-Gordon field on the flat cylinder (two-dimensional Minkowski spacetime identified modulo a discrete group of spatial translations), the difference inequality Eq. (11) holds along all complete null geodesics provided D ab is the stress-energy tensor of the Casimir vacuum state:
where L is the length of the spatial sections (i.e., the points (x, t) and (x+L, t) in Minkowski spacetime are identified). Note that complete null geodesics on the cylinder are not achronal, and ANEC is violated along them [e.g. in the Casimir vacuum state where T ab is given by the right hand side of Eq. (14)]. Also note that the difference inequality cannot have the form Eq. (13) in this case since the integral Eq. (12) does not converge. Nevertheless, this two-dimensional difference-inequality result of [18] relaxes the achronality assumption of the ANEC theorem proved in [4] , and its main significance lies in this improvement.
In the remaining sections of the paper I will give a general proof of the difference inequality for a massless Klein-Gordon field in an arbitrary, globally hyperbolic two-dimensional curved spacetime (M, g). More precisely, for every Hadamard state ω of the field and for every complete null geodesic γ in (M, g) with affine parameter v ∈ (−∞, ∞), I will prove that the following holds: Let c(x) be any bounded real-valued function of compact support on R whose Fourier transformĉ(k) is such that for some δ > 0 the function ( 
is bounded [i.e., |ĉ(k)| decays at least as fast as |k| −2−2δ as |k| → ∞; this implies that c(x) is C 1 .] Then, for all choices of origin of the affine parameter v, the regularized stress-energy tensor ω|T ab |ω satisfies the inequality
where D ab is a state-independent tensor which I will specify [D ab depends only on the geometry of (M, g)]. When the integrand ( My proof of the difference inequality Eq. (15) will be entirely parallel to the proof of ANEC in two dimensions that we gave in Sects. 4 and 5 of [4] , and I will omit all details which are simply restatements of the corresponding details in [4] modified to suit the present analysis. Consequently, readers who wish to follow the remaining sections of this paper closely will find it useful to have a copy of [4] at hand while they do so. I will begin, in Sect. 3 below, by discussing the relationship between quantum states on Minkowski spacetime R 3. States on R 2 and states on S 1 × R As we did throughout [4] , so also here I will adopt the algebraic viewpoint on quantum field theory in a curved (globally hyperbolic) spacetime (M, g). In particular, quantum states ω are specified by their two-point distributions
where S(M) is the space of all solutions of the Klein-Gordon equation which are compact supported on Cauchy surfaces, and Ef ∈ S(M) denotes the "advanced minus retarded" solution with source f ∈ C ∞ 0 (M) (see Sect. 3 of [4] for a concise introduction to the algebraic approach). The two-point function λ can be written in the form 
Note that Eq.
Let M denote the two-dimensional Minkowski spacetime (R 2 , η), where
, and let L denote the flat cylinder S 1 × R obtained from Minkowski space by the identification (x, t) ≡ (x + L, t). There exists a canonical "wrapping" map W :
and a corresponding "wrapping" map
where E M and E L denote the advanced-minus-retarded Green's functions on M and L, respectively. I will denote W S by the same symbol as W as long as it is clear from the context which map is which. Also, with f ∈ C ∞ 0 (M) and F ∈ S(M), I will use the shorthand notation f W and
(L) and from S(M) to S(L).
Let φ be a massless Klein-Gordon field on M, and similarly on L. A Hadamard ( [4] ) quantum state ω on M is specified by a two-point function of the form
where µ 0M is the two-point function of the Poincare vacuum [given by Eq. (19) in [4] , Sect. 4], and w M is a smooth, symmetric bi-solution of the Klein-Gordon equation such that µ M = µ 0M + w M satisfies the positivity inequality
On the flat cylinder L, the analogue of the Poincare vacuum state is the Casimir vacuum, which can be constructed, e.g., by a mode decomposition where positive-frequency solutions are defined with respect to the canonical timelike Killing vector on L. The Casimir vacuum is a Hadamard state and I will denote its two-point function by µ 0L [see Eq. (28) below]. The two-point function of any other Hadamard state on L can be written in the form
where w L is a smooth, symmetric bi-solution of the Klein-Gordon equation on L such that µ L satisfies the positivity inequality appropriate for L:
What is the relationship between Hadamard states on L and Hadamard states on the Minkowski spacetime M? To explore this question, it is convenient to pull back distributions defined on L (such as µ L and σ L ) via the wrapping map W so that they become distributions on M. For example, the pull-back of the distribution 
wheref (k, ω) denotes the Fourier transform
The prime on the summation sign in Eq. (28) indicates that the sum excludes n = 0; this is because massless quantum field theory in two dimensions is formulated with test functions f ∈ C ∞ 0 (M) which satisfy f = 0 to avoid infrared-divergence problems. [See the paragraph following Eq. (17) in [4] for an explanation of this. Note that I ignore this complication almost completely throughout my analysis in this paper because accommodating it would not make any difference (except for making my notation more complicated than it already is) in the flow of my argument.] Now the bi-solution w L is required to satisfy only the inequality Eq. (26), so that
whereas to be the regularized two-point function of a quantum state on Minkowski space it would need to satisfy
It is therefore sufficient to show that there exist w L which satisfy Eq. (29) but violate Eq. (30).
[Note that there exist many w L which satisfy both Eqs. (29) and (30); any w L which, as a bi-solution, decomposes into the tensor product of a solution with itself is an example of this. In fact, for such a two-particle state on L, the "unwrapping" µ 0M + w L M does correspond to a genuine state on Minkowski spacetime.] To see that this is indeed the case, consider those f ∈ C ∞ 0 (M) whose Fourier transformsf (k, ω) are sharply peaked around the quantized frequencies k = k n , ω = −|k n |. [To find a compact supported f of this kind, start with af (k, ω) in L 2 (R 2 ) which is such that (i) for fixed ω 0 ,f (k, ω 0 ) decays at infinity faster than any inverse polynomial and is the restriction to R of an entire functionf 1 (z) on C, and, similarly, for fixed k 0 , f (k 0 , ω) decays at infinity faster than any inverse polynomial and is the restriction to R of an entire functionf 2 (z) on C, (ii) at complex infinity,f 1 (z) has the asymptotic behavior |f 1 (z)| ≤ M 1 e a1|z| , and, similarly,f 2 (z) has the asymptotic behavior |f 2 (z)| ≤ M 2 e a2|z| , a i > 0, M i > 0, and (iii)f (k, ω) is sharply peaked around (k n , −|k n |), n ∈ Z. The inverse Fourier transform f (x, t) is then guaranteed to be C ∞ and of compact support by Theorem 7. 4 in Chapter 6 of [21] .]
According to Eqs. (27)-(28), when smeared with these f , µ 0L M (f, f ) becomes arbitrarily large in comparison with µ 0M (f, f ) asf (k, ω) get more and more sharply peaked around (k n , −|k n |). It is then clear that a w L can be found such
and hence violates Eq. (30).
Although the obvious "easy" proof of the difference inequality Eq. (15) seems to be ruled out by the above argument, the results of this section already provide all the necessary extra ingredients which, when combined with the proof of ANEC in Sect. 4 of [4] , constitute a complete proof of Eq. (15) as I will now explain.
Proof of the difference inequality in flat S
1 × R spacetime
As this section follows Sect. 4 of [4] very closely, for brevity I will use the prefix 4 to denote equations in [4] ; e.g., Eq. (4. 30) will denote Eq. (30) of Reference [4] . Let µ 0L + w L be a Hadamard state on L of the form Eq. (23), and let γ be a complete null geodesic in L. Just as the two-point distributions on L were pulled back to M in the previous section, so can the null geodesic γ be lifted to a complete null geodesicγ on M, I can then carry out my analysis entirely on Minkowski spacetime as in Sect. 4 of [4] . Assume, without loss of generality, thatγ = {u = 0}. Define
It is then obvious that alongγ,
where T ab (v) L denotes the regularized stress-energy along γ pulled back toγ, and D ab is the stress-energy tensor [Eq. (14)] of the Casimir vacuum state µ 0L , again pulled back toγ. In precise but cumbersome notation (which therefore I will avoid) these quantities really should be written as π
where π : M → L is the canonical projection. Now, by applying exactly the same arguments as those in [4] leading to Eq. (4. 30), I deduce from the positivity inequality Eq. (26) that for all functions
where now instead of Eqs. (4. 26) and (4. 31) I have, in accordance with Eq. (28),
and
I will now trace the arguments in [4] following Eq. (4. 31) and verify that they lead to a proof of the difference inequality Eq. (15) as promised. First assume, as in [4] , that the function Y L (v, v ′ ) belongs to Schwartz space, i.e., it and all its derivatives decay at infinity faster than any polynomial. By the same algebra that leads in [4] to Eq. (4. 32), it follows from Eqs. (33)-(35) that for all 
and, as in Eq. (4. 40),
which, when combined with Eq. (32), prove the difference inequality Eq. (15) 
In the general case, the argument I need to use is again identical to the one in [4] between Eqs. (4. 40) and (4. 59), except that in the present analysis it leads to equalities of the form
with the same choices for F λ,κ (v) and G λ,κ (v) as in Eqs. (4. 42). Here β(κ, λ) is a continuous function such that
and ǫ l (x) are continuous functions with the same decay property as described in [4] following Eq. (4. 46). The second part of the argument [spelled out in [4] between Eqs. (4. 48) and (4. 59)] can be repeated identically here, leading to the inequality
By Eq. (40) and the asymptotic behavior of ǫ l (x), there exist δ, K > 0 such that
and, when combined with Eq. (41), this inequality proves not only the differenceinequality result
but also the sharper estimate
as in Eq. (4.59).
Proof of the difference inequality in curved two-dimensional spacetime
Consider a two-dimensional, globally hyperbolic spacetime (M, g) with a massless Klein-Gordon field φ, and let γ be a complete null geodesic in M. By Sect. 5 of [4] , if γ is achronal the renormalized stress-energy tensor in every Hadamard state of φ satisfies the difference inequality Eq. (15) along γ with D ab = 0 (i.e., it satisfies ANEC). If γ is not achronal, then I claim that (M, g) has topology S 1 × R and is globally conformal to a flat cylinder L for some
To prove this, let p and q be any pair of timelike-related points along γ (such pairs exist since γ is assumed non-achronal). Assume that q ∈ I + (p). out boundary, Σ must also be compact. But the only compact 1-manifold is S 1 , and by global hyperbolicity M is diffeomorphic to Σ × R, therefore, M is diffeomorphic to S 1 × R. To prove that (M, g) is globally conformal to L, it suffices to simply carry out the usual local argument which proves that any twodimensional spacetime is locally conformally flat, using as the time coordinate t a smooth labeling of the Cauchy surfaces S 1 ⊂ M, and as the x coordinate any coordinate on one of the Cauchy S 1 's extended globally onto M (apart from the obvious coordinate singularity on S 1 ) by keeping it constant along a timelike vector field orthogonal to the Cauchy surfaces. To summarize: if a globally hyperbolic (M, g) admits a non-achronal null geodesic, then there exists a diffeomorphism Ψ :
flat metric on L written in local null coordinates {u, v}, and C(u, v) > 0 is a smooth function on L.
With γ a complete non-achronal null geodesic in (M, g), and with the simple geometry of M as uncovered in the above paragraph, it is now quite straightforward to give an analysis parallel to that of Sect. 5 in [4] , where the proof of ANEC in curved two-dimensional spacetime was reduced to the preceding proof in flat Minkowski space. Namely, the Casimir vacuum state on L given by Eq. (28) determines, under the conformal isometry Ψ : L → M, a corresponding quantum state on M. [This is because the massless wave operator as well as the Klein-Gordon inner product σ are conformally invariant in two dimensions, consequently there exists a one-to-one correspondence between states defined on L and states defined on M, determined by mapping the twopoint distributions backwards or forwards via the diffeomorphism Ψ. Note also that the spacetime (M, g) is in fact isometric to the cylinder L equipped with the metric g = C η L = −C(u, v) du dv, therefore I can use this representation of (M, g) throughout without any loss of generality, and as this will simplify my notation considerably I will do so from here on.] Let me denote the twopoint distribution of this state by µ c (x, x ′ ) [in the isometric representation of M as (L, g), this distribution has the same functional form as µ 0L (x, x ′ )]. The renormalized stress-energy in this "conformal" Casimir vacuum is determined entirely by the conformal anomaly [see Eqs. (10)- (11) in [3] ], and can be written in the form
where
ab is the Casimir energy on the flat L given by the right hand side of Eq. (14), R is the Ricci scalar of (M, g), and, in the local null coordinates {u, v},
Now, any Hadamard state on (M, g) has a two-point function of the form
where w(x, x ′ ) is a smooth bi-solution such that µ satisfies the positivity inequality Eq. (19) . It is crucial to keep in mind that although µ c (x, x ′ ) has the Hadamard form, it is not a locally constructed two-point distribution, hence it cannot be used to regularize µ(x, x ′ ) as Eq. (47) suggests. Instead, an appropriate Hadamard distribution µ H constructed entirely out of the local geometry of (M, g) needs to be subtracted from µ to obtain the regularized two-point function; the components of the stress-energy tensor are then obtained as the coincidence limits of the derivatives of this regularized two-point function µ−µ H .
[This point is of course also valid for the analysis of the previous section, where it was implicit in the derivation of Eq. (32) from Eq. (31).] However, for my analysis here (as also for the analysis of the previous section), it is not necessary to make explicit the form of µ H (x, x ′ ); the stress-energy due to the difference The proof of the difference inequality in two dimensions suggests that more generally, when (M, g) is a multiply-connected (four-dimensional) globally hyperbolic spacetime, an inequality of the form Eq. (15) might hold on a complete non-achronal null geodesic γ if the lifting of γ in the simply-connected covering spaceM is achronal and satisfies ANEC. When γ is a non-achronal complete null geodesic in a simply-connected spacetime (i.e., when the failure of achronality is due to gravitational focusing rather than the topology of M), my proof does not provide any insights into whether difference inequalities are reasonable as constraints on the stress-energy tensor along γ.
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